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Abstract 
We say that a semigroup S has property P.* , n > 2, if, given elements xi. , x, of S, at least two of the 
n! products of these elements coincide. In a recent paper, Restivo considered the Fibonacci 
semigroup (i.e. the Rees quotient of (a, h}+ by the ideal of nonfactors of the well-known infinite 
Fibonacci word ahaahahaahaab ) and proved that it has property Pg. Aim of this paper is to prove 
that it has property P$. As it does not have property P T, this is the best possible result. 
1. Introduction 
Definition 1.1. Let S be a semigroup and II an integer greater than 1. We say that S has 
property P, if for any x1, x2, . . , x,, elements of S, there exists a nontrivial permuta- 
tion CJ of { 1,2, . . . , n} such that 
x1x2 ... x,=&T(l)&(z) ... XC(“). 
We say that S has property P,* if for any x1, x2, . . . ,x,, elements of S, there exist two 
different permutations CT and z of (1,2, . . . , PI} such that 
-%(1)X0(2) ... %7(“)=&(l)x*(z) “‘XT(“) 
We say that S has property P (resp. P*) if there exists an integer n greater than 1 such 
that S has property P, (resp. P.*). 
Proposition 1.2 (Restivo and Reutenauer [9]). A jnite[y generated semigroup is jinite 
if and only if it is periodic and has property P. 
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For groups, properties P and P* coincide 121; on the other hand, a Rees quotient of 
‘a h)+ byanapp ro p riate ideal gives an example of a finitely generated semigroup 
ha\ing property P* but not P [7]. 
Using the ideal of nonfactors of the Fibonacci infinite word abuubabaabuab .. , 
Restivo first gave an example of an infinite, finitely generated and periodic semigroup 
with property Pg, the Fibonacci semigroup [S]. Similarly, de Luca and Varricchio 
gave an example of a semigroup with property P f, the Thue-Morse semigroup [3]. 
In [4], it is proved that the ThueeMorse semigroup has in fact property Pt (and 
not Pz). 
The aim of this paper is to prove that the Fibonacci semigroup also has property 
Pz and not P:, see Proposition 2.6. 
2. The Fihonacci semigroup 
Our terminology follows [6]. In this paper we consider a two-letter alphabet 
A = {a, b}. The free monoid (resp. free semigroup) on A is denoted by A* (resp A+). An 
element of A* is called a word. The length of a word w is denoted by jw(. 
If u, w are words, we say that u is a factor of w if there exist two words u’ and u” such 
that 
u’= u’uu”. 
If u’ (resp. u”) is the empty word, we say that u is a left factor (resp. right factor) of w. 
A right infinite word on A is a map s from N, the set of nonnegative integers, into A. 
We write 
s = s(O)s( 1) . . s(i) . 
where s(i) is the letter of s occurring at ‘rank i’; so, a word u is a factor of the infinite 
word s if u=s(i)...s(j), for some i<j. 
Now, let us consider the morphism C#I : A+ -+A+ defined by 
and 
Let 
and 
4(u)=& 
4(b)=u. 
.fi = 0 
.fn+r=@(fn). 
Then 1.f; 1, I.f;I, . . . , Ifnl, . . . is the sequence of Fibonacci numbers. 
By iterating the morphism c$, starting with a, we can define a (unique) right infinite 
word, the Fibonacci infinite word ,jI See [l] for details. 
Now, if u =x1x2 . . . X, is a word of A’, we denote by us the mirror image of u, i.e. 
the word X,X,-~ . .._yr. 
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We say that a factor u off is special if both ua and ub are factors off: 
The following propositions are well known. 
Proposition 2.1 (Berstel Cl]). If u is a special factor off then u- is a left factor 0f.f: 
Proposition 2.2 (Berstel Cl]). If u is a factor off then also u- is a factor off: 
Proposition 2.3 (Karhumaki [S]). If u is a word of A+ then uuuu is not a factor off: 
Proposition 2.4 (Seebold [lo]). If uu is a factor off then 1~1 =If.l for some n> 1. 
Now, denote by F(f) the set of all factors of the infinite Fibonacci word. Clearly, 
Z(f) = A+ -F(f) is an ideal of A+. The Rees quotient A+/I( f) is, by definition, the 
Fibonacci semigroup F. A more explicit description of the semigroup F is the 
following: the elements of F are all the elements of F(f) and an extra element 0; the 
multiplication is defined as follows: for each u,v E F(f) 
and 
uo=ou=o 
uv if UVE F(f) 
uv= 
0 otherwise. 
Proposition 2.5 (Restivo [S]). The Fibonucci semigroup F has the property Pg. 
The following proposition improves the previous result. 
Proposition 2.6. The Fibonucci semigroup F has the property Pz, but it does not 
have P:. 
Proof. Suppose, by way of contradiction, that there exist ul, u2, ug and ZL, elements of 
F such that given any two permutations c and z of { 1,2,3,4}, r~ #T, one has 
u~(l)“~(2)u~(3)u~(4)~u~(1)u,(2)u~(3)u,(4)~ 
So, for each i, j, k E { 1,2,3,4}, i #j, i # k, j # k, 
UiUjUk E F(f )3 
otherwise, 
where 1~{1,2,3,4$-{i,j,k), which is in contradiction with our assumption on 
~1, ~2, ~3 and ~4. 
We claim that for each i, j E { 1,2,3,4}, i #j, if luil <I ujl then ui is left and right factor 
Of Uj. 
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By way of contradiction, suppose that luil < (Ujl and that Ui is not a left factor of uj. 
So there exists x E {a,h)* such that 
Ui=XCUi, 
uj=xduS, 
for some ui,u>~ {a,h}* and c,d E {a,/~} with cfd. 
Now, let {h,k}=(l,2,3,4}-{i,j) d an consider the following four words 
UhUkXC, 
UhUkXd, 
UkUhxc, 
Uklij,Xd. 
These words belong to F(f), because they are factors of words belonging to 
F(f). So 
u,,uk.x and &.uhX 
are special factors of 1: Using Proposition 2.1, one has easily 
U,,Uk=UkU,, 
and so 
which is in contradiction with our assumption on ur , u2, uj and uq. So ui is a left factor 
of uj. 
Using also Proposition 2.2, we can prove, in a similar way, that ui is also a right 
factor of uj. This completes the proof of the claim. 
By the claim we have 1 Ui I# 1 Uj( for i, j E { 1,2,3,4} and i # j (otherwise, ui = Uj, which 
is in contradiction with our assumption on u1,u2, u3,uq). 
We can also suppose, without loss of generality, that 
So ui is both a proper left factor and a proper right factor of ui+ 1 for each i E { 1,2,3). 
As uluz,uzuJ and uJu4 are factors of .A we also have that ulul,uzuz and u3uJ are 
factors of 1: 
By Proposition 2.4, we have that there exist integers 1 <p <q <r such that 
lu~l=l.fJ~ Iu~l=l.fJ and lu~l=l.fil. A s aaa is not a factor of J we also have 1 <p. 
Now, at least one of the two words, uqu1u2u3 and u3u1uzuq, is a factor of ,f: So 
uzuluzul is a factor of ,f and, by Proposition 2.4, the integer lui (+ luzl is a Fibonacci 
number. So q=p+ 1. 
In the same way, at least one ofthe two words, u4u1u3u2 and u2u3u1uq, is a factor .f: 
So at least one of the two words, u3u1u3u1 and u1uJu1u3, is a factor ofJ: In any case, 
again by Proposition 2.4, the integer lui I + 1 uj I is a Fibonacci number. So we also have 
r =p + 1 and r = q, a contradiction. Hence F has property Pz. 
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On the contrary, the Fibonacci semigroup does not have property P:. In fact, the 
six possible products of the following three elements of F(f), 
a, b, abaaba 
belong to F(f) and are all different. 0 
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